Flexible flapping wings have garnered a large amount of attention within the micro aerial vehicle (MAV) community: a critical component of MAV flight is the coupling of aerodynamics and structural dynamics. This paper presents a computational framework for simulating shell-like wing structures flapping in incompressible flow at low Reynolds numbers in both hover and forward flight. The framework is developed by coupling an in-house co-rotational finite element structural dynamics solver suitable for small strain and large rotations, to an in-house pressure-based Navier-Stokes solver. The development of the computational structural dynamics (CSD) solver and its coupling with the computational fluid dynamics (CFD) solver is discussed in detail. Validation studies are presented for both the CSD and the aeroelastic solvers using different wing configurations. Structural dynamics solutions are presented for rectangular wings with either a prescribed plunge or a single degree-of-freedom flapping motion. The aeroelastic response is computed for two different wing configurations: 1) a thin-plate rectangular aluminum wing (aspect ratio 6) undergoing a single-axis large amplitude flapping motion and 2) a rectangular wing of NACA0012 cross-section (aspect ratio 6) under a pure plunge motion. Results are validated against available experimental data and those obtained from a different aeroelasticity framework previously developed by the authors.
except that it considered large flapping motions and local elastic deformations. Their aeroelastic model was applied to a rectangular flapping wing and the results were validated with experimental data.
Liani [16] uses a potential flow based aeroelastic analysis of flapping wings, and discusses how the lift and thrust generated by a spring-restrained pitching/plunging airfoil could be enhanced as the excitation frequency of the prescribed motion approaches the resonance frequency. Several aerodynamic models were utilized, including an unsteady panel method (where the airfoil may be of arbitrary shape and thickness but the flow is assumed to be attached) and a vortex particle method, in which the assumption of the attached flow is relieved. Unger et al. [19] performed aeroelastic analysis of a flexible built-up airfoil (based on a seagull's hand foil) under a sinusoidal plunging/pitching motion by coupling a modified unsteady Reynolds-averaged Navier-Stokes (URANS) flow solver, which takes the flow transition into account, and a nonlinear finite element shell solver. The calculated deformations show good agreement with deformations measured in a wind tunnel.
Gogulapati et al. [18] couple a commercial finite element solver (MSC.Marc) and a potential flow model that uses a combined circulation/vorticity approach to compute unsteady aerodynamic loads. Preliminary aeroelastic response results indicate that, for the parameters considered in their study, the effect of aerodynamic loads is relatively minor compared to the effect of the inertial loads; wing flexibility is found to have a favorable effect on lift generation. Ho et al. [15] used the two-way coupling feature of a flow solver (CFD-ACE+) and the structural dynamics solver FEMSTRESS to link the aerodynamics and the structural dynamics (both the solvers are commercially available). Aeroelastic computations were done for flapping wings for a titanium leading edge spar and a parylene membrane skin, followed by experimental validation of the results. More recently, Yang [20] used a similar coupling for the aeroelastic analysis of a flapping insect wing and obtained a good correlation with experimental data for a microbat.
Previously, two different coupled aeroelasticity codes were developed by the authors [10] : salient features are presented in Table 1 . While these codes have the potential to solve flapping wing aeroelasticity problems, there are inherent limitations within each code which limit their range of applicability. For example, the structural dynamics solver UM/NLABS used in the first coupled code was developed in-house and could be used to analyze structures undergoing geometrically nonlinear beam-like but only low-order plate-like dynamic deformations. Similarly, the CFD solver STREAM [21] was also developed in-house. Since the source codes for both were available, an implicit aeroelastic coupling was realized in addition to the basic explicit version [10] . The commercially available finite element (FE) solver MSC.Marc involved in the second coupled code could be used to analyze shell-structures. However, due to the non-availability of the source code and due to the fact that MSC.Marc does not allow exchanges with an external CFD solver more than once per coupled time-step, only an explicit coupling could be realized in that case. This may be a serious limitation for flapping wings: numerical instabilities have been encountered [22] due to added-mass effects when explicit coupling methods were used to study the interaction of thin-elastic structures in incompressible, viscous flows. In order to analyze plate/shell-like structures flapping in incompressible, viscous flow within the low Reynolds number regime, while gaining full control over the aeroelastic coupling scheme, this paper proposes a computational aeroelasticity code that is completely based on in-house nonlinear CSD and CFD solvers. In this framework, a nonlinear shell finite element solver called UM/NLAMS ("University of Michigan's Nonlinear Membrane Shell Solver") which is based on a co-rotational coordinate formulation [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] is used for the nonlinear structural dynamics analysis. For the CFD analysis, the pressure-based Navier-Stokes solver STREAM is used, which works with multi-block structured grids. The aeroelasticity framework is based on a partitioned solution of flow and structural solvers capable of supporting implicit coupling [10] . The goal is only to develop a prototype environment that essentially includes the features of implicit aeroelastic coupling and the capability to model coupled shell/membrane-like flapping wing structures, and not to claim more efficiency than what is provided by the frameworks involving UM/NLABS and/or MSC.Marc. The key features of the proposed aeroelasticity framework are highlighted in Table 2 . The co-rotational (CR) coordinate approach that is used in this work to develop the nonlinear structural dynamics solution was previously applied by several researchers to static modeling of structures undergoing large displacements/rotations and small deformations. Applications to the dynamics of shell structures, however, are very scarce in the literature [32, 36, 38, 39] . As part of the current effort, the static co-rotational formulation for shells described in Refs. [29, 30, 34] is adapted to include flexible multi-body dynamics [40, 41] . More specifically, the goals of the present work are: 1) to describe the development of a new in-house co-rotational structural dynamics solver (UM/NLAMS) that is capable of handling prescribed time-dependent boundary conditions, 2) to discuss the development of an implicit aeroelastic coupling [10] framework between UM/NLAMS and STREAM, and 3) to present preliminary validation studies for the CSD and the aeroelastic solvers.
The paper is organized as follows: in section II, the development of the proposed aeroelasticity framework is described in detail while discussing aspects related to the aeroelastic interface (coupling algorithm, CFD grid morphing, etc.), the theoretical formulation behind the new co-rotational structural dynamics solver UM/NLAMS, time-integration procedure for nonlinear problems via the generalized-α scheme, and a brief introduction to the governing equations of the flow solver (taking into account the moving boundary problem). In section III, validation studies are discussed for the stand-alone structural dynamics code and for the aeroelastic code involving STREAM. Specifically, the nonlinear aeroelastic response is presented for rectangular wing configurations with either a prescribed flapping or a plunging motion, for comparison with available reference data.
II. Numerical Framework for Computational Aeroelasticity

Aeroelastic Solution
The coupled solution is based on a time-domain partitioned solution process in which the nonlinear partial differential equations modeling the dynamic behavior of both fluid and structure are solved independently with boundary information (aerodynamic loads and structural displacements) being shared alternately. A schematic of the framework is shown in Figure 1 . A dedicated interface module was developed to enable communication between the flow and the structure at the 3-D wetted surface (fluid-structure interface). Since the underlying software codes are developed in-house, the framework has an inherent capability to handle various types of coupling strategies [42, 43] . 
Coupling algorithm and convergence criteria
There are two different coupling algorithms within the purview of the aeroelasticity framework proposed here. In the explicit coupling approach, both solvers are called once per coupled time-step while exchanging data at the interface. In the implicit coupling approach, both the fluid and the structural solvers exchange data more than once per coupled time-step (see Figure 2) . Between any two fluid-structure subiterations, the initial conditions in the solvers are not updated and hence a new coupled solution is obtained for the same time-step at the end of a subiteration. However, between the last fluid-structure subiteration of a coupled time-step and the first fluidstructure subiteration of the subsequent coupled time-step, the initial conditions in the solvers are updated and the solution is time-marched. The number of such fluid-structure subiterations is determined by a specified convergence criterion which could be judiciously chosen based on the problem at hand. Possible criteria include a check on the Euclidean or any other suitable norm of the entire solution vector either on the CFD or the CSD side, a check on the energy conservation at the fluid-structure interface, etc. The convergence criterion chosen in the current work is a check on the absolute difference in the Euclidean norm of the entire CSD solution vector computed in any two consecutive fluid-structure subiterations. It is important to note that the smoothness or possibly the accuracy of the coupled solution could depend upon the chosen criterion. 
Fluid-structure interpolation
To perform interpolation of physical quantities between the fluid and the structural grids, the thin-plate spline [44] and the bilinear interpolation method [45] are included in the aeroelastic framework. The thin-plate spline is a global interpolation approach, and its distribution function is given by:
where X I is a point in the receiver grid and X D is a point in the donor grid, where the interpolation coefficients α k are known. N is the number of points in the donor grid.î andˆj are the unit vectors in the x and y directions respectively. The bilinear interpolation is a local scheme: Figure 3 provides a schematic that shows how the solution at an interpolating point is obtained from the solution at the four supporting points around it. Assuming that (x 1 , y 1 ), (x 2 , y 1 ), (x 2 , y 2 ), and (x 1 , y 2 ) are the coordinates of nodes 1, 2, 3, and 4, respectively, the interpolated solution p int at an arbitrary point (x, y) within the rectangle is given by the interpolation function below: x x (y y) x x (y y) x x (y y ) x x (y y ) N , N , N , N (x x )(y y ) (x x )(y y ) (x x )(y y ) (x x )(y y )
and p 1 , p 2 , p 3, and p 4 are the field information given at nodes 1,2,3, and 4 respectively. This scheme applies only to cases where the donor grids are structured into four-noded quads. In this work, the thin-plate spline method is used for the interpolation of displacements and the bilinear scheme for the pressure loads. Velocities at the structural nodes are not interpolated onto the CFD mesh, as they are calculated by the CFD solver itself based on the displacements at two consecutive time-steps by using a first-order backward difference scheme to satisfy the geometric conservation law (GCL) [46] . 
CFD grid re-meshing/morphing
As mentioned above, the CFD solver STREAM employs multi-block structured grids. For the grid morphing in the aeroelastic simulations, a master/slave strategy is used to establish a relationship between the moving surface points (master points) and vertices located at the grid blocks (slave points). The movement of the master points is based on the displacements obtained from the structural solver, while the movement of the slave points is in turn based on that of the master points. For this purpose, a simple but effective formula suggested by Hartwich and Agrawal [47] , based on a spring analogy, is used and is given by:
The subscripts m and s represent master and slave, respectively, the overbar indicates the new position. s x is a vector of the coordinates v v v (x , y , z ) of a slave point and m x is that of a master point p p p (x , y , z ) . In this work, a Gaussian distribution function as suggested by Hartwich and Agrawal [47] is used for the decay function , θ , given by:
where ε is an arbitrary small number to eliminate divisions by zero. The coefficient c β affects the stiffness: a larger value causes the block to behave more like a rigid body and a smaller value makes the mesh behave in a pliant fashion. Similarly, the factor m f in Eq. (1.5) also plays an important role in the re-meshing: for a fixed value of c β , a smaller m f will make the mesh behave in a more pliant fashion and vice-versa. Once the displacements of the slave points are obtained, they are propagated throughout the entire grid using a transfinite interpolation technique. More details about the moving mesh algorithm can be obtained in Refs. [47] [48] [49] .
Coupled aeroelastic code
A coupled code was achieved simply by compiling the object files of the individual solvers along with those of the interface routines (interpolation, morphing, etc.) to produce a single shared executable. This could then be ported to Linux work-stations without having to re-compile the code (unless certain machine-specific libraries are needed). This was possible in the current work due to the availability of the individual source codes. In cases where this is not possible, a relatively less efficient way of data transfer is obtained by reading and writing data files from one solver to the other at every iteration/time-step.
Structural Dynamics Solution (UM/NLAMS)
The nonlinear structural dynamics solution is based on a flexible multi-body type finite element analysis [38, 40, 41] of a flapping wing. It relies on the use of a body-fixed floating frame of reference to describe the prescribed rigid body motion and on a co-rotational (CR) framework to account for geometric nonlinearities. The solution is implemented in the "University of Michigan's Nonlinear Membrane Shell Solver" (UM/NLAMS), written in Fortran 90. The CR formulation has generated a great amount of interest in the last decade. A comprehensive list of references that discuss this formulation is available in Ref. [40] . The idea of this approach is to decompose the motion into rigid body and pure deformational parts through the use of a local frame at each finite element which translates and rotates with the element [23] . The element's internal force components are first calculated relative to the co-rotational frame and are then transformed to a global frame using the co-rotational transformation matrix. The co-rotational frame transformation eliminates the element rigid body motion so that a linear deformation theory can be used [40] . Hence, the main advantage of the CR formulation is its effectiveness for problems with small strains but large rotations [50] .
The co-rotational formulation can be applied in two different forms: total Lagrangian (CR-TL) and updated Lagrangian (CR-UL). In the CR-TL approach, the reference configuration is taken as the initial configuration, but translated and rotated in accordance with the motion of the co-rotating local system. In the CR-UL approach, the translated and rotated configuration at the previous time-step is taken as the reference configuration during the current time-step [31, 51] . A CR-TL approach will be followed in this work. Co-rotational formulations involving shell elements for flexible multi-body systems applications are given in Refs. [38, 52] . While the application of this method to problems concerning flapping wing aeroelasticity are not known to the authors, recent studies by Relvas and Suleman [35, 39] reported the development of a method involving the application of co-rotational theory to nonlinear aeroelasticity problems.
The three key issues identified during a literature survey concerning the use of a co-rotational formulation are: 1) the choice of a suitable local element frame, 2) the choice of a suitable anisotropic element (this is especially important for triangular shells since they are obtained as a superposition of membrane and plate models and several combinations are possible), and 3) parameterization of local and global rotations. The first issue is discussed in Refs. [23, 53, 54] , among many others. In the current work, triangular elements will be used for the finite element discretization. The specific issues involved in choosing local element frames concerning the use of trianglular shell elements are discussed in Ref. [24] , and the choice of a suitable linear element in Ref. [23] . The development of flapping wing dynamic finite-element equations of motion for thin shell structures is discussed next. The formulation is a proposed extension for flapping wing dynamics of the static co-rotational analysis of shell structures presented in Refs. [29, 30, 34] .
Derivation of flapping wing equations of motion
Nonlinear finite element analysis of shell structures via a co-rotational approach to accommodate prescribed time-dependent boundary conditions involves several key steps outlined below:
Definition of inertial, global, and local coordinate systems
Several coordinate systems are required to fully describe the geometry and deformation of the shell structure. Figure 4 shows a schematic of a typical triangular shell finite element in its initial (undeformed) and the deformed configurations. A total of 2+N e +N n (where N e is the number of finite-elements and N n is the number of nodes in the discretized structure) coordinate systems are used in the analysis: an inertial frame that is always fixed in time ("I" in Figure 4 ), a floating frame (global) whose motion is known in the inertial frame by virtue of the prescribed rigid body motion of the structure ("g" in Figure 4) , N e co-rotational frames (one for each element) that translate and rotate with the element as it deforms ("E o " and "E" in Figure 4 ), and N n nodal coordinate frames (one for each node) that are rigidly tied to their respective nodes and rotate with them ("S o " and "S" in Figure 4 ). The final equations of motion are written with respect to the global frame.
Computation of inertial velocities and accelerations of a material point
The position (in the inertial frame) of a material point P on the structure is given by:
where X is the position vector in the inertial frame, R X is the position vector of the structure's actuation point (or the origin of the flapping/global frame) in the inertial frame, g x is the position vector of P in the global frame, and IG T is a transformation matrix from global frame to the inertial frame. This matrix is a nonlinear function of the components of the rotation pseudo vector Ψ [55] , which defines the orientation of the global frame with respect to the inertial frame. The pseudo vector is defined as:
Where ψ is the magnitude of rotation and p is the direction of rotation, defined as: In general, both the magnitude ψ and the direction of rotation p could be time-dependent. In the case where the direction of rotation is constant, the resultant motion of the tip of the pseudo vector will be in a plane. If the direction of rotation changes with time, the motion of the tip will be in 3D space. The former case is twodimensional and the latter is three-dimensional rotation [41] . The transformation matrix IG T is defined as in [56] :
where I is a 3x3 identity matrix and the tilde indicates the skew-symmetric matrix of the vector p . The position vector of the material point with respect to the global coordinate system g x given in Eq. (1.6) can be written as :
where o x is the origin of an element frame in the undeformed configuration with respect to the global frame expressed as components in the global frame, GE T is the transformation matrix from element frame to the global frame, e x is the position vector of the point with respect to the element frame, and e d is the vector of displacements of the point with respect to the element frame. The position vector of the material point in the inertial frame given in Eq. (1.6) then becomes:
The time derivative of the transformation matrix is [56] :
where Ω is a matrix defined as:
The velocity and acceleration at a material point can then be computed as:
Computation of virtual work due to inertial forces
The virtual work due to inertial forces for an element is given by:
where X δ is the variation of the position vector, i.e.,
IG GE e
The vector of displacements e d can be approximated as:
where N is a matrix of shape functions of size 3x18 and e q is the nodal degree of freedom vector of size 18x1 with respect to the element frame. The variation of the position vector now becomes:
The acceleration vector can be written as:
Using the above terms, the virtual work expression in Eq. (1.16) now becomes:
From this expression, the element local mass matrix, gyroscopic damping matrix, dynamic stiffness matrix, and the inertial contribution to the force vector are given by ( )
These equations are numerically integrated using a 7 point Gauss quadrature [57] . The element mass matrix in Eq.
(1.22) is consistent. The damping matrix in Eq. (1.23) is a skew-symmetric matrix arising from Coriolis forces. The stiffness matrix in Eq. (1.24) is a dynamic term representing the coupling effect between the large rigid body motions and the elastic motions. The elastic portion of the stiffness matrix will be discussed subsequently. The force vector in Eq. (1.25) is due to the prescribed rigid body motion. The first term arises from rigid body translational motion. The second and the third terms arise from rigid body angular and centrifugal accelerations. A fourth term in the forcing vector will arise due to aerodynamic loading (discussed later). The key steps involved in the computation of the virtual work due to inertial forces and the computation of the element matrices in the local element frame are highlighted in a flowchart shown in Figure 5 .
Element local deformations (co-rotational approach)
As mentioned above, the static co-rotational formulation of a shell element as described in Refs. [29, 30, 34 ] is used in this work. While full details of the approach are provided in those references, a brief overview of it is presented here, while extensively quoting from Ref. [29] . Referring to Figure 4 , the origin of the undeformed system is chosen at node 1 of the element and the axis The coordinate system denoted by E is the element co-rotational system defined in a similar fashion but in the current or deformed configuration. The nodal coordinate systems are denoted by S o and S in the undeformed and deformed configurations respectively (shown only for node 2 in Figure 4 for clarity). The orientation of S o is arbitrary and is chosen to be parallel to the global frame in this work. The coordinate system S in the current configuration is obtained by updating its transformation matrix S T , which defines the current orientation of the node in the global system. This is done after every iteration using the following expression: 
The θ quantities are the incremental rotations of triad S computed in the global coordinate system during the previous iteration.
Figure 5. Computation of virtual work due to inertial forces.
Once the nodal coordinate systems in the current configuration are obtained, the next step is the computation of the pure deformations (both displacements and rotations) in the local coordinate system E. Pure nodal displacements at a node "m" in E may be expressed by the relation: x is equal to o x introduced in Eq. (1.10). Pure nodal rotations expressed in E are equal to the components of an anti-symmetric matrix spin tensor defined as:
This tensor is found by the following expressions: T transform the components of a vector in the global frame into those in deformed co-rotational and undeformed co-rotational frames respectively. The vector of pure deformations at a node is given by:
The vector of pure element deformations is obtained by combining the vectors at all three nodes of the element and is given by:
Element stiffness matrix A three-node triangular shell element involving an optimal membrane element (OPT) [58] and a discrete Kirchoff triangle (DKT) plate bending element [59] presented in Ref. [29] is used in this work. Unlike many triangular plate elements, a complete quartic polynomial (15 terms) is used to represent the out-of-plate displacement in this element. However, the usual nine degrees of freedom (DOF) (two rotations and a displacement at each node) are supplemented by extra degrees of freedom at the vertices and mid-sides [60] . The constraint of zero transverse shear strain is enforced at selected locations. With these constraints imposed, a nine DOF element is obtained at the end with two rotations and a displacement at each of the element nodes. As a consequence of the process by which the element is derived, the transverse displacement is not explicitly defined in the interior of the element. Hence, the shape functions required to form either the mass matrix or the stress stiffening matrix (discussed later) are not available. This problem may be overcome by borrowing shape functions from other similar elements. Following Ref. [29] , for the displacement interpolation, the shape functions corresponding to a BCIZ plate element are used. The stiffness matrix corresponding to the plate bending DOF can be written as [29] : The OPT element is termed 'optimal' because for any arbitrary aspect ratio, its response for in-plane pure bending is exact [29] . Like the DKT element, the OPT element is based on an assumption on strains and so the shape functions are borrowed from another triangular membrane element (LST-Ret) with the same degrees of freedom as that of the OPT element. The stiffness matrix corresponding to the membrane DOF are [29] :
The DKT and the OPT element stiffness matrices are combined to form the final shell stiffness matrix of the element and further modified to include the membrane-bending coupling effect for laminated composite plates:
More details of the stiffness matrices including the definition of the individual terms are presented in Ref. [29] . The effect of nonlinear stress stiffening is added to the co-rotational formulation by including a geometric stiffness matrix [60] . The expression for stress stiffening is obtained by considering the work done by the membrane forces as they act through displacements associated with small lateral and in-plane deflections. The final expression for the stress stiffening matrix is given by: 
The sub-matrix mf N of size 2x2 whose components are the membrane forces, is as same as N defined in Ref. [29] . More details on the derivation of this expression along with a definition of the individual terms are given in Refs. [29, 60] . Once the pure element deformations are computed, the internal force vector is computed using the local element shell and dynamic stiffness matrices (re-arranged according to desired order of degrees of freedom as in Eq. (1.35)) as:
Since the pure deformations obtained in Eq. (1.34) may not be really pure, a projector matrix P can be introduced to bring the non-equilibrated internal force vector into equilibrium. More details about the idea of projection are given in Ref. [61] . The local element stiffness matrix computed in Eq. (1.38) and the internal force vector computed in Eq.
(1.40) are filtered through the projector matrix as follows:
In computing the projection of the internal force vector above, the contribution due to the dynamic stiffness matrix is excluded. At this point, if the membrane forces are expected to be significant, the stress stiffness matrix obtained in Eq.
(1.39) should be added to the projected local element stiffness matrix in Eq. (1.41).
Having obtained the stiffness and mass matrices along with the internal force vector in the element frame, they are transformed into the global frame before the assembly process. The transformation of the element local stiffness matrix which includes both the elastic and the dynamic stiffness terms is given as:
where the transformation matrix T defined earlier) used to accommodate the transformation of all the 18 degrees of freedom of the element. The subscript "el-g" indicates that the corresponding element matrix operates on the global degrees of freedom. Similarly, the element mass and the gyroscopic matrices given in Eqs. (1.22) and (1.23) respectively, are transformed into the global frame as follows:
Further, the element internal force and the prescribed motion force vectors given in Eqs. (1.42) and (1.25) respectively are transformed to the global frame as:
The global element mass, stiffness, gyroscopic damping matrices given in Eqs. (1.44), (1.43), (1.45) respectively, and the element global internal force and the prescribed-motion force vectors given in Eqs. (1.46) and (1.47) respectively, are assembled for the entire structure to form global matrices/vectors. The global mass, tangent stiffness, and damping matrices are denoted as M, K t , and C respectively, while the global internal and the total force vectors are denoted as R and F. The total force vector F also includes the aerodynamic forces expressed in the global frame that are computed from a CFD analysis (discussed later). Figure 6 highlights the key steps involved in the derivation of the global structural matrices that are discussed above.
Direct Time Integration of the CSD Governing Equations
The nonlinear structural dynamics finite element governing equations of motion can be written as:
where q is the nodal degree of freedom vector in the global frame, v and a are the global velocity and acceleration vectors respectively. In this work, the numerical integration of the governing equations was performed using either the Newmark or the generalized-α method [62, 63] . Ref. [62] discussed the application of the generalized-α scheme for linear problems. In this work, it is extended to solve the nonlinear equations of motion in a predictor-corrector type of framework similar to the one described for the Newmark method in Ref. [64] . The generalized-α method solves second-order differential equations for a discrete time-step, n, using the standard Newmark relations to update the displacements and velocities: Substituting these relations into the balance equation provides:
Using the Newmark update relation of displacements Eq. (1.49) the accelerations become: 
Using the tangent stiffness method [64] , the internal forces at time step n+1 (i.e., R n+1 ) can be written as:
Substituting the previous equations in the governing equilibrium equation, the balance equation is given by:
The effective stiffness matrix and the effective load vector are:
A step-by-step solution procedure to solve the system of equations using the quantities computed in Eqns. To improve the solution accuracy and to avoid the development of numerical instabilities, it is generally necessary to employ iterations within each time step in order to maintain equilibrium [64] . The following are the steps to be followed in a typical iteration (j) within the iterative loop.
a. Evaluate the (j-1) th approximation to the acceleration, velocities, and displacements using: For a specific choice of the parameters involved in the generalized-α method, other integration schemes could be derived. For example, if α f = 0 and α m = 0, the method reduces to the standard Newmark scheme. The primary goal of this method is to provide the user with control over high frequency dissipation while limiting the impact on the low frequency dynamics. In aeroelastic simulations, this method could prove to be very beneficial in dissipating non-physical high frequency oscillations which result due to poor spatial resolution.
Computational Fluid Dynamics Solution (STREAM)
The continuity equation and u-momentum equation in curvilinear coordinates are written as follows (the v and w-momentum equations can be written along similar lines): 
where (ξ,η,γ) are time dependent curvilinear coordinates, (x, y, z, t) ξ = ξ . Here, u is the Cartesian velocity component, p is the pressure, μ accounts for both laminar and turbulent viscosity. U, V, and W, are the contravariant velocity components given by: A more detailed discussion about the discretization of these equations can be found in Ref. [65] . When performing computations on a fixed grid, the grid velocities are non-existent, though this is not the case while performing computations on a grid that moves with respect to time. In such cases, two major issues need to be considered: 1) kinematic conditions should be enforced at the interface or the moving boundary (i.e., u= x , v= y and w= z : these can be imposed as boundary conditions), and 2) the geometric conservation law must be invoked to evaluate the Jacobian values in order to enforce volume conservation. The numerical solution is obtained using a pressure-based algorithm, with combined cartesian and contravariant velocity variables to facilitate strong conservation law formulations and consistent finite volume treatment, as shown above. The convection terms are discretized using a second-order upwind scheme, while the pressure and viscous terms with a second-order central difference scheme.
III. Results and Discussion
This section is divided into two subsections. In the first subsection, validation case studies are presented to test the nonlinear static and dynamics analysis capability of UM/NLAMS. In the second subsection, preliminary validation studies are shown for the coupled aeroelasticity framework involving UM/NLAMS and STREAM.
UM/NLAMS (Vacuum Studies)
Case 1: Cantilever plate subjected to end moments
This case was originally analyzed by Khosravi et al. [29] and is used as one of the reference test runs to evaluate the geometrically nonlinear static capability of UM/NLAMS. A cantilevered isotropic plate is subjected to uniform applied moments along the edge opposite to the fixed one. The key parameters related to this case are included in Table 3 . Figure 7 shows a plot of the normalized vertical displacement at a point on the tip (point "A" in Figure 8 ) versus the applied moment. The displacement is normalized with respect to the length of the plate (also for all the cases discussed below unless specified otherwise). The plot compares the solution computed in UM/NLAMS with those provided in the reference paper (which also discusses validation with analytical solutions). As seen, there is an excellent match between the two results. The maximum tip deflection obtained in this case is ~ 0.4 m which corresponds to ~70% of the plate length.
Due to the applied moment, the cantilever plate forms a circular arc as shown in Figure 8 . In order to compute the solution as a function of the applied load, a load control approach was followed in this work: the maximum load in the analysis was broken into several load steps and applied in increments. For each load increment, nonlinear static equilibrium was sought to compute the corresponding static response. The convergence criterion within each load step loop was chosen as the absolute difference in the Euclidean norm of the entire solution vector computed in any two consecutive Newton-Raphson iterations. For the current case, the tolerance was set to 10 -3 .
Case 2: Cantilever plate subjected to an end lateral load This case was originally analyzed by Hsiao [66] : an isotropic cantilever plate is subjected to a lateral load at one of its free corners (node "A" of Figure 10 ). The key parameters related to this case are included in Table 4 . Figure 9 shows the normalized vertical displacement at the tip (node "B" of Figure 10 ) versus the applied load. As before, the displacement is normalized with respect to the length of the plate. The maximum displacement found in this case was ~ 57% of the plate length. Figure 11 shows snapshots of the static wing deformation for three different load steps. [29] . An isotropic cantilever plate is subjected to shear forces at the three nodes of the tip (nodes "A", "B", and "C" of Figure 12 ). The maximum load at nodes "A" and "C" is 10 N whereas at node "B", it is 20 N. As in the previous two cases, even here, the maximum load is applied incrementally in several load steps. The key parameters related to this case are included in Table 5 . Figure 13 shows the normalized vertical displacement at the tip (node "A" of Figure 12 ) versus the applied load. The maximum displacement found in this case was approximately 68% of the plate length. The agreement is very good up to 60% deformation, after which UM/NLAMS has difficulties to converge within the maximum number of subiterations (200) within a load step. This presents itself as a softer behavior than Ref. [29] . The cause for that is unknown and requires further investigation. Figure 14 was prescribed with a single degree-of-freedom large amplitude flap rotation about an axis running through the chord. In the figure, the square block at the wing root is constrained in all degrees of freedom, and the rotation was prescribed as a "1-cos" variation. This enabled the simulation to start from zero initial displacement and velocity, obviating the need for a special starting procedure as would have been the case if a sine variation was prescribed. The key parameters related to this case are included in Table 6 . Figure 15 , Figure 16 , and Figure 17 show the normalized vertical displacement at the tip (point "A" in Figure 14 ) As seen from the results in Figs. 15-17 , the agreement between UM/NLAMS and MSC.Marc for lower frequencies is very good. There are noticeable discrepancies in the highest frequency (30 Hz) response, which is presumably due to the stronger geometric nonlinearities, as well as the increased effect of the transient terms in Eq. (1.48). The exact cause for the discrepancies will require further investigation. Due to these reasons, for the aeroelastic response studies in this work, only the lower frequencies up to 10 Hz are considered. 
Case 5: A rectangular wing with prescribed pure plunge motion
A cantilever steel plate is prescribed with a pure plunge motion at the root. The key parameters related to this case are included in Table 7 . Figure 18 shows the normalized vertical displacement at the tip versus the normalized time, with a comparison between UM/NLAMS and the commercial finite element solver MSC.Marc. The displacements and time are normalized with respect to the plunge amplitude and the period of plunge respectively. The time integration method used is the Newmark scheme. As can be seen, there is an excellent match between the results computed in both the codes.
UM/NLAMS and STREAM Coupled Code (Preliminary Aeroelastic Validation)
Case 6: Aeroelastic response for a rectangular wing prescribed with pure single DOF flap rotation
The aeroelastic response was computed for the rectangular wing ( Figure 14 ) flapping in incompressible, viscous flow under hovering conditions at 10 Hz. For this case, the key parameters include those in Table 6 that are related to the 10 Hz case and the ones included in Table 8 . The Reynolds number included in the table is based on the following definition:
where Φ is the wing beat amplitude in radians, f is the flapping frequency in Hz, R is the wing length (half wing span), υ is the kinematic viscosity of the fluid, r A is the aspect ratio of the wing defined as:
where S is the planform area defined as the product of the wing span (2R) and the mean chord. The reduced frequency is defined as: Figure 18 . Normalized tip displacement as a function of time. A structured multi-block H-H type grid around a flat-plate rectangular wing of aspect ratio 5.93 was used for the CFD simulations. The total number of grid points is 0.6 million with close to 300 points on the wing surface. The CFD grid configuration including the boundary conditions is shown in Figure 19 . The boundaries on all sides of the wing/wall are 18 chord lengths away from the wing. Figure 20 shows the variation of displacement at the tip (point "A" in Figure 14 ) versus non-dimensional time computed in the coupled codes involving UM/NLAMS and MSC.Marc and measured in the experiment. The experimental data was obtained at the University of Florida and the experimental setup used for it is similar to what is described in Ref. [67] . As seen from the figure, there is an overall good agreement between the coupled codes and the experiment. Some noticeable discrepancy in the amplitude will be investigated in greater detail in a future effort, once more experimental data will become available. Case 7: Aeroelastic response of a flexible rectangular wing prescribed with pure plunge motion Aeroelastic results were obtained for a three-dimensional rectangular wing with NACA0012 uniform cross section (stiffened with a thin sheet of steel insert) oscillating in water under a pure heaving motion in forward flight. Water tunnel studies have been performed by Heathcote et al. [68] to study the effect of spanwise flexibility on the thrust, lift, and propulsive efficiency on this configuration. Later, this wing was simulated using a computational framework involving UM/NLABS, MSC.Marc, and STREAM by the authors [10] . It is again simulated here with the new computational solution involving UM/NLAMS and STREAM. Details of the experimental apparatus and computational setup are furnished in those references. The key parameters related to this case are included in Table  9 . The chord-based Reynolds number in the forward flight case is defined as:
where U is the free stream velocity, m c is the mean chord. Two different numerical integration schemes were used to compute the structural response: the Newmark and the generalized-α methods. Further, two different convergence criteria were used in the computations for the implicit convergence within a coupled time-step: 1) a check on the Euclidean norm of the entire solution vector computed in two consecutive fluid-structure subiterations, and 2) a check on the absolute difference of vertical displacement at a tip node in two consecutive fluid-structure subiterations. Figure 21 shows the mean lift coefficient on the wing computed using the Newmark method independently considering both the convergence criteria. As seen in the figure, though expected, it is interesting to see that high frequency oscillations (of approximately 500 Hz) are seen in the response computed using the convergence criterion just based on the tip displacement (Newmark-C1). However, these are not seen in the case where a convergence criterion based on the entire solution vector was used (Newmark-C2). This is an example of a case in which the smoothness of the aeroelastic response has a dependence on the chosen convergence criterion. Figure 22 shows the normalized vertical displacement (with respect to the amplitude of plunge) at a point on the wing tip versus dimensionless time. As seen in the figure, there is a very good correlation between the response computed in UM/NLAMS, MSC.Marc, and the experiment.
Case 8: Aeroelastic response of a highly flexible rectangular wing prescribed with pure plunge motion
As mentioned previously, the new aeroelasticity framework involving UM/NLAMS and STREAM has implicit aeroelastic coupling capability which will enable iteration between the flow and the structural solvers more than once per coupled time-step, thereby making the solution more accurate and possibly stable wherever the physics permit. Figure 23 shows the aeroelastic lift coefficient response of a highly flexible rectangular wing prescribed with pure plunge, computed in both the coupled codes involving UM/NLAMS and MSC.Marc. All the parameters for this wing configuration are the same as those of the wing in Case 7 except that the stiffener is made out of aluminium in this case. The time integration scheme used in this case is the Newmark method. While the response computed using the coupled code involving UM/NLAMS is stable, the one in the case of MSC.Marc diverges within the first few coupled time-steps. This behavior persists even for prohibitively small time-steps, e.g., 10 -5 s (5750 steps per period). Figure 24 shows the error norm within the first coupled time-step as a function of the fluid-structure subiteration number as computed in the implicit aeroelastic code involving UM/NLAMS. As can be seen, in order to achieve convergence in the first time-step, approximately 30 subiterations were needed for error less than 10 -6 . The absence of the fluid-structure subiteration scheme in the coupled code involving MSC.Marc explains why the response is unstable. Since the coupling in that case is controlled by MSC.Marc, there is no correct option for an implicit coupling of the code for aeroelastic analysis.
Concluding Remarks
A computational aeroelasticity framework suitable for simulating shell-like flapping wings is presented. The structural dynamics model is based on a co-rotational formulation used in conjunction with a flexible multi-body type formulation. The structural dynamics equations of motions are integrated with the generalized-α method (allowing the classic Newmark as a sub-case of it). A Navier-Stokes flow solver that employs a well tested pressurebased algorithm is used to compute the flow. The structural and the fluid dynamic solvers are coupled in a partitioned fashion enabling iteration between them within each coupled time step. Validation studies for both the structural and the aeroelastic solvers are presented for several wing configurations. The computed results were correlated with available reference data and an overall agreement was obtained in all the cases studied. Most importantly, the need to use fluid-structure subiterations (implicit aeroelastic coupling) was discussed with an example problem. The new aeroelasticity framework allows for the study of wings with complex planform geometry and material distribution under complex flapping kinematics. Future work will address the combined plunge/pitch excitation of flapping wings in both water and air. 
